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A causal artificial intelligence (AI) model was developed to support the discovery
of new superconducting materials by analysing causal relationships between interval-
valued elemental descriptors and the superconducting critical temperature, 7. The aim is
to explore a broad elemental composition space without requiring prior knowledge of
material structure. Using a University of California, Irvine dataset comprising 21,263
materials with chemical formulae, 81 features, and 7, values were aggregated into tem-
perature-based intervals and analysed within a reproducmg kernel Hilbert space frame-
work to infer a causal directed acyclic graph. Three interval features emerged as direct
causal drivers of 7' the standard deviation of mass density, the weighted geometric mean
of electron affinity, and the weighted geometric mean of valence. A random forest model
using all predictors achieved an R* of approximately 92.9 %, while the causal model,
using only these three features, achieved an R* of approximately 89.7 %. Under out-of-dis-
tribution splits, the causal model demonstrated superior robustness. Estimated interven-
tional (“do”) effects revealed nonlinear behaviour, and counterfactual analyses of hypo-
thetical interventions further demonstrated the potential of causal Al for guiding
exploration of new materials.
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Introduction

Recently, three physicists—J. Clarke, M. De-
voret, and J. Martinis—were awarded the 2025 No-
bel Prize in Physics for their contributions to under-
standing how quantum physics at macroscopic
scales gives rise to the electrical superconductivity
phenomenon'.

The superconductivity phenomenon was first
discovered in 1911 by Dutch physicist Heike Ka-
merlingh Onnes, who observed that mercury be-
comes superconducting at 4.2 K. For this discovery,
he received the 1913 Nobel Prize in Physics® Since
then, numerous superconducting materials have
been identified, and several theoretical frameworks
have been developed to explain the underlying
physics. Nevertheless, superconductivity remains a
central topic in both theoretical and experimental
physics. Key milestones include the development of
the Bardeen—Cooper—Schrieffer theory of conven-
tional superconductivity in the 1950s and the dis-
covery of the first high-temperature superconduc-
tors in the 1980s. More recently, unconventional
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superconductivity has been demonstrated in twisted
bilayer graphene, and claims of room-temperature
superconductivity have generated intense debate?.

The rapid expansion of generative artificial in-
telligence (Al) technologies has intensified the de-
mand for advances in superconducting materials. It
is estimated that by 2040, nearly 50 % of global
electricity consumption may be attributable to com-
puting. Power consumption and heat dissipation in
large-scale data centres are emerging as major con-
straints, with substantial energy losses as waste heat
posing a significant barrier to the continue develop-
ment of Al-driven data centres. In modern data cen-
tres, roughly 40 % of total electrical energy is dissi-
pated as low-grade heat due to cooling
requirements—Ilosses that could be significantly re-
duced through superconducting infrastructure. Su-
perconductors offer a promising route to dramati-
cally reducing energy consumption, as they allow
the current to flow without dissipating into heat.
Superconducting materials therefore have the po-
tential to transform data centre efficiency by elimi-
nating resistive losses in power distribution and
computing hardware, reducing heat generation, and
enabling ultrafast, low-power data processing*”
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The complexity and intrinsic difficulty of dis-
covering industrially viable superconducting mate-
rials have motivated extensive use of Al-based
modelling. Numerous studies have applied ma-
chine-learning algorithms to model the dependence
of the superconducting critical temperature (7)) on
material properties. For example, a Random Forest
model based on features extracted from chemical
formulae achieved an untrained prediction error of
9.5 K using the chemical composition of 34,000
samples from the SuperCon dataset. When applied
with singular value decomposition, a “bagged tree”
variant of the Random Forest model achieved the
highest accuracy, with R = 0.93 7. A Bayesian
neural network trained solely on chemical composi-
tion captured relevant correlations and improved
interpretability, reaching R*> = 0.940 with a root
mean square error (RMSE) of 3.83 K 8. A suite of
regularised linear models, including Ridge, Lasso,
Elastic Net, and the spline-based nonparametric
Multivariate Adaptive Regression Splines (MARS)
method, yielded mean absolute error (MAE) values
of 10.75, 14.50, 13.43, and 13.44 K, respectively,
for untrained data, underscoring the importance of
nonlinear interactions®. A Gradient-Boosted Feature
Selection (GBFS) workflow tailored for 7, predic-
tion, using a distributed gradient-boosting frame-
work, achieved R? = 0.94 and MAE = 3.73 K during
10-fold cross-validation'®. An extensive compara-
tive study evaluated methods including AdaBoost,
Kernel Ridge, Linear Regression, Lasso-Lars, Lin-
ear Support Vector Regression, Multi-Layer Percep-
tron, Random Forest, Stochastic Gradient Descent,
and XGBoost. For untrained data, Extreme Gradi-
ent Boosting (XGBoost) delivered the best accuracy
with a median RMSE = 9.4 K. In out-of-domain
prediction, the spline continued-fraction regressor
performed with median RMSE = 36.3 K !, a stacked
ensemble of models (Ridge, Lasso, KNN, MLP,
SVR) achieved RMSE = 9.68 K, R? = 0.922, MAE
= 5.38 K, and MAPE = 4.57 % '2. Using XGBoost,
R?=0.924 and RMSE = 9.336 K (via 10-fold cross
validation) were obtained, with thermal-conductivi-
ty range, weighted geometric mean of thermal con-
ductivity, and atomic-radius range identified as the
most influential features'®>. The effect of pressure,
an essential factor influencing crystalline structure,
electronic structure, lattice dynamics, and ultimate-
ly Cooper-pair formation, has also been a subject of
Al modelling. Six ML algorithms were evaluated:
Support Vector Machine (SVR), Random Forest,
Kernel Ridge, Gaussian process regression, Gradi-
ent Boosting (GBoost), and Artificial Neural Net-
works (ANN) to predict 7, up to 100 GPa based on
584 structures characterised by A and O, which are
the key parameters of electron-phonon interac-

tions'. These models achieved MAE = 3 K, demon-
strating reliable high-pressure T prediction when
incorporated in 3D crystal-structure information
alongside chemical composition and XGBoost algo-
rithm". Structural descriptors improved the mean
squared logarithmic error on untrained samples
from 1.176 to 1.085. In a related effort, a dataset of
200,000 compounds with density-functional-theo-
ry-derived electron—phonon and superconducting
properties was used to identify numerous candidate
high 7 materials. The synergy between machine
learning (ML) and first-principles calculations of-
fers a systematic approach to exploring multiple
phase diagrams and searching for potential
room-temperature superconductors, yielding an es-
timated mean 7, = 7.63 K and MAE = 2.94 K '¢ are
yielded.

Using ab initio descriptors derived solely from
electronic and atomic properties of constituent ele-
ments, have shown that electronegativity and elec-
tron concentration allow substantial dimensionality
reduction!’. The best-performing model, XGBoost,
achieved R* = 0.92 and a T, prediction accuracy of
93 %, MAE = 4.2 K. In Fe-based superconductors,
where T strongly correlates with lattice parameters,
the neural network model reached 91.2 % accuracy.
It was used to predict 7, based on general theory of
superconductivity applying ML using a random for-
est (RF) model informed by key material features
such as thermal-conductivity range, weighted geo-
metric-mean thermal conductivity, density varia-
tion, and valency descriptors'®!°. Their best predic-
tions were obtained for compositions with a fewer
number of chemical components. Finally, to en-
hance predictive accuracy, high-throughput first-
principles materials data were incorporated from
the AFLOW Online Repository with RF regression
models, achieving average R*> = 0.88 ?2. Their model
was subsequently applied to the Inorganic Crystal
Structure Database (ICSD) to identify potential new
superconductors, revealing more than 30 non-cu-
prate and non-iron-based oxide candidates.

Data

In this work, causal Al modelling and counter-
factual propositions were based on the “Supercon-
ductivity Data” dataset available in the open-access
machine-learning repository at the University of Cali-
fornia, Irvine (UCT)S. The dataset comprises 21,263
tested materials, for which elemental chemical com-
positions (chemical formulae) and 81 modelling de-
scriptors (features) are provided, including the number
of chemical elements and the superconducting critical
temperature, 7. The dataset includes materials com-
posed of 77 chemical elements. The average “pseudo”
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chemical formula is O, ,,Cu, ,Ba  Nb C/ .
accounting for 70 % of elemental composition, and
yielding the average “pseudo” critical temperature,
T = 34.4 K. The modelling approach is based on
aggregated (distributional) effects evaluated from
individual atomic properties.

The following 9 atomic properties, denoted as
x, were considered:

1) Atomic mass: total proton and neutron rest mass-
es, in atomic mass units (AMU).

2) First ionisation energy: energy required to re-
move a valence electron, (kJ mol™).

3) Atomic radius: calculated atomic radius, in pi-
cometers (pm).

4) Density: density at standard temperature and
pressure, (kg m=).

5) Electron affinity: energy required to add an elec-
tron to a neutral atom, (kJ mol™).

6) Heat of fusion: net energy change required for
solid to liquid transition at constant temperature
(kJ mol™).

7) Thermal conductivity: thermal conductivity co-
efficient, (W m™' K™).

8) Valence: typical number of chemical bonds
formed by the element, no units.

9) Critical temperature 7 : superconducting critical
temperature, (K).

For each material’s elemental composition
(chemical formula), interval distributions of atomic
properties represented by the 10 statistical parame-
ters (given in Table 1) are determined and applied
as modelling features.

The samples of material atom descriptors form
a large data-frame (matrix) comprising 21,263 rows
and 82 columns (81 model descriptors plus 7). The
data are highly correlated, the first eigenvalue yield-
ing 40 % and the first three eigenvalues yielding
60 % of the total variance. This fact is also con-
firmed by the principal component analysis show-
ing that the first three components account for 60 %
variance. The aim of this work was not to derive an
Al machine-learning predictive model, but rather to
infer causal effects between atom elemental compo-
sition descriptors and the critical temperature in the
absence of explicit information on the crystal struc-
ture of the materials.

Modelling

Modelling superconductivity as a macroscopic
quantum effect based on fundamental laws is math-
ematically and numerically demanding. An alterna-
tive “short cut” methodology (data “mining”) based
on a large dataset and artificial intelligence (Al) al-

Table 1 — Modelling descriptors (features) of physical pro-
perty interval distributions, x, derived from elemen-
tal chemical composition

Statistics of interval

Modelling descriptor distribution of x

N
1
1 Mean — zx"
N 4
i=1
2 Weighted mean
3 Geometric mean
4 Weighted

geometric mean

N
5 Shannon entropy —z pIn ( P, )
i=1
Weighted a =N
6 Shannon —ZA, In (Al, ) A =px/ X,
entropy _ -
7 Range X, T X
8 Weighted range
9 Standard
deviation
Weighted
10 standard
deviation

Notes: Chemical elemental composition (chemical formula):
c' C’ -..Cc" ; C' = i-th chemical element; N = number of

a2’ aN >

chemical elements; p, = probability of i-th element molar

N
contribution: «, / Eai ; X = physical property.

i=1

gorithms is proposed to facilitate the discovery of
new materials. The large UCI superconductivity data-
set was applied, which provided material chemical
compositions and corresponding 7', values. However,
the dataset did not include key experimental vari-
ables such as sample preparation conditions, crystal
or polycrystalline structural information, potential
presence of impurities, confidence intervals of 7,
or reproducibility data from repeated experiments
or independent sources (laboratories). Despite these
limitations, the large sample size justified the as-
sumption of potentially valid statistical inference. In
view of data modelling by machine learning, data
aggregation using interval-based “symbolic” fea-



98 7. Kurtanjek, Causal Artificial Intelligence Counterfactual Prediction..., Chem. Biochem. Eng. Q., 40 (2) 95-106 (2026)

tures was applied before analysis of causal patterns
between atomic property distributions and 7. The
main reason for the application of interval-based
“symbolic” features was to achieve averaged effects
associated with unobserved and unknown factors,
while also achieving a significant dimensional re-
duction of the sample space. Consequently, the
large original dataset was transformed into a numer-
ically manageable representation of interval-based
dataset. The interval data samples were mapped into
a reproducing kernel Hilbert space (RKHS) of in-
finite dimensionality using a Gaussian reproducible
kernel. This mapping allowed the application of lin-
ear methods to discover nonlinear functional depen-
dencies and causal directed acyclic graph (DAG)
structures.

Interval “symbolic” features are generated through
subsetting and binning of the 81 atomic property
distribution features, x € [x,, x,, ] corresponding to
the k-th temperature interval T, € [T, T . ]. This
provides a comprehensive “bird’s-eye view” of the
materials by representing distributions of atomic
properties as symbolic variables. Aggregation into
interval features within RKHS results in a smaller
and more manageable yet information-preserving
dataset? %, Importantly, representing interval data
in RKHS enables the application of linear statistical
inference for nonlinear dependencies present in the
original Cartesian space. In this work, a Gaussian
kernel k_ (radial basis function) was applied for
mapping data from the original feature space of
dimension R to a corresponding feature repre-
sentation ¢ in an infinite-dimensional Hilbert
space H™:

kx(xi,xj)=exp(—Hxi_xj”z/hz) (1)

where x, denotes the i-th sample (material) with
N=81 component vector of features, and # is a da-
ta-dependent bandwidth kernel parameter**2°. This
allows the use of the “RKHS trick™ for the replace-
ment of explicit numerical evaluation of inner sca-
lar product in RKHS by kernel evaluation of origi-
nal data in RV:

k(xpxz)RN =<®(x1)’®(x2)>’}-[°° (2)

This implicit operation enables the application
of kernel methods for the efficient analysis of com-
plex data relationships and facilitates the effective
recognition of patterns in infinite dimensional
RKHS through computation in RY dimensional fi-
nite space. Mapping of input data X(n, p), where n
is the number of samples and p is the number of
observed features, yields Gram matrix K(n,n) of
Gaussian weights

(Kx)i,j :k(xi’xj) (3)

Modelling of nonlinear functional relations f{x)
in RKHS is enabled by the representer property:

f(x)RN =<f,k(‘,X) >H°° (4)

evaluated as linear ridge regression. Basic statistical
application of data mapping to RKHS is the non-
parametric inference of probability density function
P(x) denoted as kernel density estimation, KDE

P(x)=KDE(x) =%2k(xi,x) 5)

From the viewpoint of causal analysis, the most
important result of mapping data to Hilbert space is
the nonparametric evaluation of statistical inference
of independence (HSIC, Hilbert Schmidt Indepen-
dence Criterion between potentially nonlinearly-de-
pendent variables X and Y. It is evaluated as a cova-
riance of the corresponding Gram matrices K_and K,
msic(x.y)=|c | = u(kHK,H) ©)

s Xy H ( N— 1)2 x y
where H matrix enables centralisation of the Gram
matrices. The main objective of causal data mining
is the discovery of the structure of significant di-
rected causal relations between data, DAG. This is
a complex problem which is solved in two steps.
Firstly, DAG skeleton is determined based on the
PC (Peter and Clark) conditional dependence test
dHSIC (d-variable HSIC), by testing independence
(orthogonality) with nonparametric conditional co-
variance in RKHS*.

HSIC test| X, LX, X | 7

In the second step, the edges are oriented based
on the Kolmogorov conjecture of causality from the
complexity of nonparametric kernel-based model
data predictions, i.e. by assuming that a correctly
causally oriented model “better” explains observed
data®. The Pearson correlations » between condi-
tional nonparametric kernel-based model predic-
tions 7(y,yy (x | z)) and a r(x,xy (y | z)) condi-
tioned with z confounding covariates are compared:

X =Y = r(y.yy(x]2)>r(xx,(y12) ©®)

The inferred causal DAG is a Bayesian causal
network allowing for deduction of causal pathways
from a cause variable X to a target effect Y. Its de-
duction is based on d-separation of confounding
variables responsible for adjustments of Simpson’s
paradox and elimination of collider variables which
are the cause of prediction model Berkson’s falla-
cy??. d-Separation modifies an initial DAG by
closing all “back door” edges leading to the cause,
removing mediators on the pathway from X to Y,
and removing collider nodes. The obtained d-sepa-
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rated causal network enables evaluation of the caus-
al probability of “doing” distribution of target,

P(Y |do(X = x)) when the cause is dehberately
set to a specific value, X = x, and averaging £, due
to perturbation effects of the causally adjusted set of
covariates Z:

P(Y|do(x=x,2))=E,(Y|X=x,Z) (9

A validated causal model allows for the a pos-
teriori prediction of hypothetical counterfactual ef-
fects. For i-th individual observed effect Y=Y, |
caused by X=x, , the causal model yields the predic-
tion ¥ . of the case-specific unobserved exoge-

nous 1nﬂuence e;
yi,observed :yi,model(X :xi’Z = Zi)+ei (10)

Prediction of a hypothetical effect of the cause
when changed from x, to %, under the observed
specific conditions, is given by:

yi,hypothetical = yi,model (X = 5&[’ Z= Zi) + ei (1 1)

A validated causal model and a counterfactual
prediction algorithm may provide essential support
in the experimental search for new superconductiv-
ity materials.

Results and discussion

To account for large-dataset aggregation, as
well as the averaging of experimental errors and un-
observed factors, the original dataset is transformed
into symbolic features using temperature-interval
binning. For samples with critical temperature above
the boiling point of liquid nitrogen (7, > 77 K), the
dataset was reduced from X[3895, 82] to X[547, 82].
To assess the potential loss of information by inter-
val aggregation, the probability density functions of

— Observed
“3 - iNterval
<
L=
2>
@ 3 |
g ©
°
=
<
(=]
< T T T

G0 80 100 120 140 160 180
T/K
Fig. 1 — KDE estimates of the probability density functions of

critical temperature T> 77 K for the observed data
(red) and of the interval symbolic data (blue)

Table 2 — Comparison of prediction accuracy for critical
temperature, T obtained using machine-learning models based
on the observed dataset (21,263 materials) and models based
on the aggregated temperature-interval (“symbolic”) dataset
(547 samples)

Observed data | Interval data

Machine-learning model

train/K | test/K |train/K| test/K

Random Forest 412 10.01 4.02 1242
Extreme Gradient Boosting 4.17 888 494 1239
Gradient Boosting 6.07 849 579 13.85
K-Nearest Neighbour 557 940 743 1349
Ordinary Least Squares 575 926 631 13.14

Linear K-Nearest Neighbour  5.17  9.55 6.16 12.88
Generalised Random Forest 470 944 593 13.80

LASSO Least Absolute
Shrinkage and Selection

Polynomial LASSO 580 9.65 6.74 1471

578 8.84 6.09 1435

the observed temperatures, P, (7)), and the in-
terval-averaged temperatures P, (T) were com-
pared. For this purpose, kernel density estimation
(KDE), defined in Eq. (5), was applied, and the re-
sulting distributions are shown in Fig. 1. The results
indicate that neither the substantial reduction in
dataset size nor the averaging effects introduce sig-
nificant distortions in the probability densities. This
supports the hypothesis of using interval-based
dataset for developing predictive and causal Al
models linking material atomic properties and su-
perconductivity critical temperature 7.

Further evidence supporting the use of symbol-
ic (interval-based) data was obtained by comparing
the prediction errors of several linear and ma-
chine-learning algorithms (Table 2). The data were
randomly split into training (80 %) and test (20 %)
sets. For the observed dataset with 21,263 samples,
the average prediction errors across all tested mod-
els were MAE(T) = 5.23 + 0.74 K for the trained
samples, and MAE(T) = 9.28 + 0.47 K for the test
samples. Using the interval-based symbolic fea-
tures, the prediction errors were MAE(T) = 5.53 +
0.08 K for trained samples, and MAE(T)) = 13.45 +
0.81 K for untrained samples. The most accurate
predictions were achieved with Random Forest
model, which achieved R? =92.75 % on the training
data and R? = 92.71 % on the test data. The ob-
served increase in average prediction error for inter-
val-based models from approximately 9.3 K to 13.4 K
can be attributed to the ten-fold reduction in sample
size between the symbolic interval dataset and the
original observed data. Table 2. gives mean abso-
lute errors in prediction by various machine-learn-
ing models evaluated for the training and test data
for all the observed and interval data. Fig. 2 depicts
predictions obtained by the Random Forest model.
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Fig. 2 — Depiction of observed critical temperatures T, (black
dots) and Random Forest model predictions (red
dots): (a) observed data, (b) symbolic interval data

The obtained Al models show high accuracy
for T predictions. However, because these models
rely on a large and complete set of predictor vari-
ables (p = 81), they did not readily allow for trans-
parent inspection of causal patterns. To investigate
interactions among the predictors, the matrix of par-
tial correlations was determined. Since the variables
exhibited nonlinear relationships and their probabil-
ity distributions were unknown, a nonparametric
algorithm of distance partial correlations was ap-
plied to infer functional dependencies between pre-
dictors®'. Euclidean distances were computed as
matrices A and B of pairwise distances correspond-
ing to two random variables x and y, defined as:

a =[x, -x]  jk=r2..N (2

b=y, =5 jk=12,..N (13)

PER SRR R R R Rt
g R R
m LN '-E-u .; -

Fig. 3 — Heat map of the partial distance correlation (“pdcor”)
matrix of the symbolic interval samples of 81 predic-
tion features and T,

The matrices were centred by subtracting the
corresponding row and column vector means from
each matrix entry, followed by adding the global
mean:

4., =a;,;

L —c_lj—c_zk+c7j (14)

B, ,=a,, —b,—b +b (15)

The distance covariance and distance correla-
tion for N samples were calculated as the average
sum of the corresponding 4, and B, products of
centred matrices 4 and B:

| A&
dcov(X,Y)=F22Aj’kBj,k (16)

j=1 k=1
deov(X,Y)

\/dvar(X)\/dvar(Y)

To account for the effects of covariate predictors

Z on X and Y, partial distance correlations based on
residuals of regressions models, residual(X )=

X — Ea,z,. and residual(¥Y)=Y — zﬁiZi , were

evaluated:

deor(X,Y)=

(17)

residual (X | Z),

pdcor(X,Y | Z)=dcor|
residual(Y | Z)

) (18)

Partial distance correlations are depicted as a
heat map, as presented in Fig. 3.

The top ten partial distance correlations be-
tween critical temperature 7 and interval atomic
properties are given in Table 3. The PC con-
straint-based algorithm was applied to uncover the
structure of causal relationships. The structure
(DAG) of interconnectivity between the variables
was estimated using nonparametric PC algorithm
with HSIC criteria for nonlinear dependencies be-
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Table 3 — Highest partial distance correlations (pdcor) be-
tween T and the interval symbolic features x

Interval atomic property x pdcor(T, x)

Weighted Shannon thermal conductivity 0.332
Geometric mean of electron affinity 0.327
Range of density 0.289
Weighted standard deviation of electron affinity 0.281
Entropy of thermal conductivity 0.275
Standard deviation of atomic density 0.258
Standard deviation of atomic mass 0.234
Weighted geometric mean of electron affinity 0.232
Range of atomic mass 0.186
Geometric mean of thermal conductivity 0.181

tween variables, and under the assumption of the
presence of non-Gaussian exogenous unobserved
factors (model noise)*.

The first step in inferring the causal model
structure was based on pairwise independence tests
between variables X and Y, using the Hilbert—
Schmidt independence criterion (HSIC; eqs. 6-7).
The edges between network nodes (predictor vari-
ables) were removed using a permutation test at the
significance level of o = 0.05. DAG stability was
assessed by bootstrapping the data and averaging
the resulting skeleton edges. In the second step, the
edge orientations were assigned based on the com-
plexity of causal conditional prediction (eq. 8). The
resulting DAG was dense and only a subset (ex-
tended Markov blanket of T)) is depicted in Fig. 4
highlighting the blanket of critical temperature 7.
The inferred DAG indicates that the direct causal
effects on T arose from:

1. Standard deviation of atomic mass density,

2. Weighted geometric mean of atomic electron
affinity,

3. Weighted geometric mean of atomic valence.

The functional dependence in the direct causal
model is represented using the Random Forest
model:

T

¢,causal model

= RF(x40,x45,x75) (19)

The predictions of critical temperature obtained
by the causal model, i mode» fOT the complete
dataset with 21,263 samples, are shown in Fig. 5a.
The results demonstrate high accuracy, with only a
negligible reduction in predictive performance com-
pared to the agnostic Random Forest model using 81
predictors. The causal model’s coefficient of deter-
mination was R*=89.57 %, compared to R>=92.71 %
for the Random Forest models. The mean abso-
lute prediction errors within the specified tempera-
ture ranges were MAE(7>77K) = 5.1 K and
MAE(T>0K) = 4.6 K. To assess potential model
biases, kernel density estimates (KDE) of the pre-
diction errors were computed and are shown in Fig.
5b. The resulting symmetric and bell-shaped densi-
ty functions exhibited Gaussian-like behaviour,
which is consistent for unbiased predictions. Addi-
tional confirmation of the accuracy of the causal
model was provided by the comparison of predic-
tion errors from the agnostic and causal models for
both training and test datasets summarised in Table
4.

A fundamental assumption in machine-learning
modelling is that the training and test data are inde-
pendent and identically distributed (i.i.d.), often de-
scribed as “fair-coin” samples drawn from a time-in-
variant probability distribution. In practice, this
assumption is rarely satisfied, especially when data
originate from heterogeneous sources (e.g., many
different laboratories) or are produced using diverse
experimental methodologies. Because causal rela-
tionships are expected to remain invariant under
changes in covariate distributions, a stringent test of
a causal model is its predictive accuracy on out-of-
distribution (OOD) data.

x48 Range of electron affinity

x18 Range of first ionisation energy

x50 Standard deviation of electron affinity

x73 Weighted mean valence

x51 Weighted standard deviation electron affinity
x43 Weighted mean electron affinity

x44 Geometric mean electron affinity

x40 Standard deviation of mass density

x75 Weighted geometric mean valence

x45 Weighted geometric mean electron affinity

T Critical temperature

c

Fig. 4 — Subset of the directed acyclic graph (DAG) with Markov blanket for causal prediction of
the critical superconductivity temperature T,
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Fig. 5 — a) Predictions of the critical temperature T by the
causal model, b) kernel density estimation v(KDE)
of prediction errors of the causal model

When information about experimental condi-
tions is unavailable, OOD samples can be selected
through data clustering, implemented here using the
k-means algorithm®. The dataset, consisting of
21,263 samples and 81 features, was partitioned
into 100 clusters, which were then randomly split
into training (80 %) and test (20 %) subsets. The
causal model was trained on the OOD training set
and validated using the OOD testing set presented
in Table 4. For samples with 7> 77 K, the agnostic
model had a coefficient of determination R*=31.9 %
and MAE = 5.81 K, while the causal model yielded
R*> =579 % and MAE = 11.1 K. For the complete
set of OOD samples with 7. > 0 K, the agnostic
model produced R*> = 70.3 % and MAE = 12.47 K,
whereas the causal model achieved R*> = 79.3 % and
MAE = 9.11 K. These results indicate that the causal
model exhibited greater invariance to the effects
of OOD covariate variability, suggesting enhanced
robustness of the causal model under probability
distribution perturbations.

The causal models are most useful when ap-
plied for inferring the causal effects of deliberate
intervention actions X on Y in the presence of possi-
ble perturbations of Z cofactors. These interventions

Table 4 — Comparison of the average prediction errors by
the agnostic model with 81 predictor variables and the causal
model with three direct causal factors validated by the random
samples and the out-of-distribution (OOD) samples. The data
include coefficient of determination, R’, mean absolute error,
MAE, and standard deviation, SD.

T.[77 K-185 K]

Random sampled validation

Agnostic model Causal model

R*% [MAE/K| SD/K | R* % |MAE/K|SD/K

Training  85.5 222 522 705 475 713
Test 77.4 4.01 585 70.6 474 654

Out-of-distribution OOD validation

Training  83.5 2.17 347 741 271 411
Test 76.9 5.81 848 779 292 435

T.[0 K-185 K]

Random sampled validation

Agnostic model Causal model

Training  92.5 522 931 89.7 6.78 1148
Test 92.9 5.03 893 89.7 676 6.53

Out-of-distribution OOD validation

Training  94.5 254 488 939 278 538

Test 70.3 12.47 2186 793 9.11 1343

are named as statistics of “doing” effect and denot-
ed by Y(do(X)) ?*°. Formally, numerical evaluation
of do(X) function is the same as that in evaluating
the partial dependence plot (PDP) for a causally ad-
justed model. In this case, the Bayesian neural net-
work (BNN) was applied to gain insight into the
probability distribution of nonlinear effects of the
causal variables on critical temperature*3*. The pa-
rameters of a BNN network (weighting coefficients)
are random variables yielding probabilistic effect on
the network output.

T.(do(X = x)) = BNN(x40,x45,x75)  (20)

The BNN model with a single hidden layer
with 10 nodes and the sigmoid activation function
were applied. Predictions of 7 (do(x)) for standard
deviation of atomic mass density, geometric mean
atomic electron affinity, and weighted geometric
mean of atomic valance are depicted in Fig. 6. The
graphs show that the average effect of increasing
standard deviation of atomic mass density was pre-
dominantly positive, while the effects of the weighted
geometric mean atomic electron affinity and weighted
geometric mean of atomic valence were negative.
Average treatment effects (ATE), inferred as slopes
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Fig. 6 — Distributions of the direct causal effects on the critical temperature, T [do(x)], predicted by Bayesian neural networks
BNN[x40, x45, x75]. a) standard deviation of atomic mass density x40=a(p), b) weighted geometric mean atomic electron
affinity x45 =, (affinity), c¢) weighted geometric mean of atomic valence x75 =, (valence)

of the linear approximations of individual do(x)
curves, were 0.005 K/(kg m®), —0.15 K/(kJ mol™)
and 7.5 K for the standard deviation of atomic
mass density, weighted geometric mean of atomic
electron affinity, and weighted geometric mean of
atomic valence, respectively. The obtained values
were validated by comparison with predictions us-
ing General Random Forest (GRF) algorithm for
nonparametric heterogeneous prediction****, The
GRF method does not assume determination of
causal DAG; however, it assumes un-confounded-
ness (negligible importance of unobserved depen-
dencies), i.e., all confounders that affect both treat-
ment and outcome were observed and included as
covariates. The application of GRF yielded the av-
erage treatment effects of 0.007 K/(kg m™), and
—-0.22 K/(kJT mol™") for the standard deviation of
atomic mass density, and weighted geometric mean
atomic electron affinity, respectively. The estimates
agreed with the causal structural model with an er-
ror within the acceptable interval of 20 %. The
validated causal model enabled counterfactual anal-
ysis based on the model predictions, a posteriori
data and hypothetical assumptions of potential in-
terventions. This corresponds to an analysis on the
“third rung of the knowledge ladder”?2°. The fol-
lowing questions were raised here: what would be
the effects on individual material (ICE, Individual
Causal Effect) critical temperature 7 if the direct
causal predictors were perturbed by +10 %. The aim
is to apply counterfactual inferences in experimen-
tal design studies for discovering improved and/or
new superconducting materials. In addition, coun-
terfactual analysis can be extended to infer average
causal effects (ACE) for classes of supercritical ma-
terials, such as the cuprate family of materials com-
posed of CuO_ layers alternating with layers of other
metal oxides. For each individual superconductlng
material, the total exogeneous effect e, is inferred.
For the cases presented here, this effect was due to

unobserved and/or unaccounted intrinsic physical
factors, random measurement errors, and modelling
errors introduced by the RF(x40, x45, x75) model.
The additivity of model prediction and exogeneous
effect was assumed, as given by:

T, opserved = RF(x40,x45,x75) + e, (21)

The hypothetical individual causal effect (ICE)
due to deliberate interventions by the simultaneous
change of the direct causal factors for A, ,A,, A,
was predicted by

= RF(x40+A,,, x45+A,5, x75+A,5 ) + e,
(22)

ICE effects for various materials may signifi-
cantly differ due to material-specific unaccounted
causal factors and experimental procedures. The in-
fluence of these unexplained factors can be mini-
mised by evaluation of a population average causal
effect (ACE) for numbers of samples with common
physical properties (e.g., for N cuprate materials) by:

T,

c,count.fact.

1 N

ACE = FEICEi (23)

The counterfactual ICE effects for three cupra-
te materials due to 10 % increase of x40 = standard
deviation of atomic mass density, and 10 % decrease
of x45 (weighted geometric mean electron affinity),
and x75 (weighted geometric mean valence) are de-
picted in Fig. 7. Each hypothetical individual inter-
vention resulted in a counterfactual increase of crit-
ical temperature 7, while simultaneous perturbation
of the three causal factors showed increases in 7,
but also a sample with a negative synergy effect.

The numerical values of the counterfactual ef-
fects ICE and ACE for a set of cuprate supercon-
ductors are given in Tables 5 and 6. For individual
materials, the positive and negative synergy effects
were inferred, while for the population of the selected
group of cuprate materials, the ACE effects exhibited
a positive synergy mean increase of 10.46 K.
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Table 5 — Individual counterfactual effects (ICE) due to in-
terventions of atomic property distributions. T, is the observed
superconductivity critical temperature, T, is due to 10 % in-
crease in x40 (standard deviation of atomic mass density), T, is
due to 10 % decrease in x45 (weighted geometric mean of elec-
tron affinity), T , is due to 10 % decrease in x75 (weighted geo-
metric mean of valence), T, is the effect due to simultaneous
intervention in x40, x45, and x75.

Material | 7k |1k | 1k | Tk | 1K
Y Ba,Cu Ni O, 85.0 84.78 84.04 9131 87.77
Gd Ba,,7n, O, 863 85.85 83.33 91.99 89.84
Tm Ba,Cu,,, Fe, .0, 89.0 84.26 83.37 86.06 8637
Y Ba,Cu,0,,, 88.5 88.09 89.61 94.59 93.02
Y, Ca, Ba, Nd, Cu,0 81.5 80.21 80.24 98.91 98.98
Y, Ca, Pr, BaCuO,,. 814 83.74 9245 9346 92.42
Bi,Sr,Ca,  Pr, Cu0 83.9 94.23 84.13 90.86 96.17
Hg, Tl, . Ba Cu,0,. 87.5 99.78 101.87116.51103.59
Bi,Sr,Ca Cu,0, . 85.0 94.16 95.63 104.24110.24
Ge, Cu, Sr.Ca Y, Cu0,, 81.5 98.43 97.70 97.61 100.90
Y, ,Ca, Ba,Cu,0, 89.0 87.86 83.57 90.14 88.15
Bi,Sr, Ca Eu, ,Cu,0, . 88.9 86.79 87.63 92.01 98.06
Yb, Pr, Ba,Cu0,,, 88.5 85.17 85.01 93.71 90.57
Y Ba, La, Cu,0 832 89.71 84.86 103.75100.73
Tm, ,Ca, Ba,Cu,0, 86.0 87.06 84.37 85.16 9525
Y,,Ca, Ba, La, Cu0O,, ~ 87.0 8435 83.06 9142 90.64
Y Ba, Sr, Cu,0, 80.5 86.03 82.68 91.01 91.04
Bi,Sr,Ca, ,Na, Cu,0, 81.0 91.75 92.45 98.73 106.90
Pb, Bi Sr, Ca Cu0  87.0 89.81 99.65 104.85102.19
Y, Pr, Ba,CuO,,, 82.0 88.10 89.69 96.10 94.11
Conclusions

Given the exponential growth of Al develop-
ment followed by the extremely high energy con-
sumption of large data centres, and also due to the
global imperative for transition to a zero-carbon
economy, the search for industrially viable super-
conducting materials has become increasingly im-

Tc observed
40 I Tc1 counterfactual
T¢2 counterfactual
— T¢3 counterfactual
30 | Tc4 counterfactual
20 -

A B o
A=Hgo 75Ti07:Ba1Cu 1Q 045
B=Bi ;Sr :CaiCu; 0315
C=Ge 05Cu 05Sr2Ca 15Y 01Cud0as

Fig. 7 — Counterfactual individual causal effects (ICE) on
superconductivity critical temperature: T, , induced by the 10 %
increase in x40 (standard deviation of atomic mass density), T,
induced by the 10 % decrease in x45 (weighted geometric mean
of electron affinity), T, induced by the 10 % decrease in x75
(weighted geometric mean of valence), T, induced by simulta-
neous interventions

portant. Superconductivity is by nature a fundamen-
tal macroscopic quantum phenomenon and is
extensively investigated in physics and materials
science. However, because of the complex interac-
tions between quantum-mechanical behaviour,
chemical composition, and structural properties, it
remains a challenging and still an open research
field.

This work presents an alternative data-driven
approach that integrates the large UCI dataset on
materials superconductivity with causal Al model-
ling in a reproducing kernel Hilbert space (RKHS).
To reduce sample dimensionality and the size of the
associated Gram matrix, the UCI data were aggre-
gated into “symbolic” interval features defined over
ranges of superconductivity critical temperature, 7 .
Besides reducing the dimensionality of the Gram
matrix, the applied aggregation procedure averaged
out sample preparation, presence of sample impuri-
ties, experimental measurement noise, confounding
interactions, and unobserved latent (structural or
quantum) factors.

Table 6 — Average counterfactual causal effects (ACE) on the superconductivity critical temperature T, induced by the hypothetical

interventions for a set of cuprate superconductors

ACE/K, average causal effects

min max mean
x40 (standard deviation of atomic mass density) (+10 %) —4.74 16.93 3.12
x45 (weighted geometric mean of electron affinity) (=10 %) —5.63 16.2 2.88
x75 (weighted geometric mean of valence) (—10 %) —2.94 29.01 10.24
Simultaneous interventions (+10 % +x40, —10 % x45, —10 % x75) -2.63 25.9 10.46
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The primary goal of this research was to infer a
Bayesian causal network among 81 interval-valued
atomic descriptors and critical temperature. The
problem was addressed in two stages: (i) learning
the network skeleton, and (ii) inferring orientation
of the edges. Because the dependencies were strong-
ly nonlinear, the skeleton was estimated using a
constrained PC algorithm with HSIC criteria, while
inference of the edge orientations followed the
Kolmogorov conjecture of causality based on non-
parametric kernel conditional modelling in Hilbert
space. The inferred structural causal model (SCM)
identified three direct causal predictors of 7: the
standard deviation of mass density, the weighted
geometric mean of electron affinity, and the weight-
ed geometric mean of valence.

The agnostic random-forest model using all 81
predictors achieved R>=92.5 % and MAE=2.69 K,
while the SCM using only the three causal features
attained R?=89.7 % and MAE=3.97 K. The superior
robustness of the SCM was further confirmed by
the evaluations on out-of-distribution (OOD) test
sets, showing higher coefficients of determination
and lower mean errors than the agnostic model.
These results demonstrate the SCM’s resilience to
perturbations due to unobserved factors.

Nonlinear relationships between 7 and the
causal predictors were modelled using Bayesian
neural networks. The resulting “fan-plot” partial de-
pendence plots characterised the probability distri-
butions P(T, | X=x) of the do-effects. The dominant
positive causal effect corresponded to the standard
deviation of mass density (ATE = 0.105 K/(kg m3)),
while the weighted geometric means of electron
affinity and valence exhibited negative effects of
—0.15 K/(kJ mol™) and —7.5 K, respectively. These
ATE estimates were independently confirmed by a
general random-forest model within the error toler-
ance of 20 %.

Counterfactual analysis, based on the validated
SCM, evaluated effects of hypothetical interven-
tions in the three direct causal factors. Considering
individual 10 % increases in the standard deviation
of mass density and —10 % changes in the weighted
geometric means of affinity and valence, as well as
joint perturbations, the model predicted an average
population-level increase of approximately 10.46 K
across a tested group of 20 cuprate materials.

In summary, the aggregation of a large super-
conductivity dataset into symbolic interval-based
features and its embedding into RKHS, enabled the
discovery of a Bayesian structural causal model
with dramatically reduced dimensionality. The tran-
sition from 81 agnostic predictors to only 3 causal
predictors was achieved without substantial loss of
predictive accuracy. The prediction accuracy of the
validated SCM agreed with the errors reported in

the literature, and most importantly significantly
narrowed the search space for improved or new ma-
terials design. Hence, the inferred causal SCM
model enhanced interpretability and dimensionality
reduction, which substantially improved the pros-
pects for identifying new, industrially viable super-
conducting materials.
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