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M. Kazim,* M. A. Abbas,” M. M. Bhatti,>*%" O. A. Bég,cand T. A. Bég'
“Department of Mathematics, University of Baltistan, Skardu 16300, Pakistan

®Department of Physics, College of Science, Korea University, 145 Anam-ro,
Seongbuk-gu, Seoul 02841, Republic of Korea

¢Jadara University Research Center, Jadara University, Jordan

dDepartment of Mathematics and Natural Sciences, Center for Applied
Mathematics and Bioinformatics (CAMB), Gulf University for Science
and Technology, 32093 Hawally, Kuwait

*Multi-Physical Engineering Sciences Group, Dept. Mechanical

This work is licensed under a
Creative Commons Attribution 4.0
International License

and Aeronautical Engineering, Corrosion/Coatings Lab, 3-08, doi: https://doi.org/10.15255/CABEQ.2026.2562

SEE Building, Salford University, Manchester, UK

‘Engineering Mechanics Research, Israfil House,
Dickenson Rd., Manchester, M13, UK

Original scientific paper
Received: July 16, 2026
Accepted: October 8, 2026

In this study we developed a new model of fractional magnetohydrodynamic (MHD)
polymeric Casson flow, heat and mass transfer from a wall adjacent to a porous medium
with viscous dissipation, heat generation and activation energy effects, a problem of rel-
evance to non-Newtonian functional thermal materials processing and smart lubricant
manufacturing. Fractional derivatives were used to extend the Casson viscoplastic model
(which featured shear-thinning and yield stress effects) in order to represent complex
non-Newtonian responses and memory-dependent behaviour. The mathematical formula-
tion was developed using a newly suggested constant-proportional Caputo fractional de-
rivative (CPCFD). The transformed dimensionless fractional governing equations for
mass, momentum, energy and species concentration were solved via Laplace integral
transform technique (LITT), under suitable boundary conditions. MATHCAD software
was used to evaluate solutions for non-dimensional velocity, ¢/ temperature, 7 and con-
centration, C, with variation in transverse coordinate y and time ¢. Nusselt number, Sher-
wood number and skin friction solutions are also presented. The impact of key emerging
parameters on these variables was examined. Verification with previous studies neglect-
ing porous media, magnetic field, heat generation, activation energy and viscous heating
effects is also included. An increase in activation energy parameter (£), i.e., minimum
energy threshold required for a chemical reaction to occur, reduces considerably species
concentrations. Skin friction, Nusselt number, and Sherwood number were reduced with
increasing fractional parameter () but increased with time (7). A higher Damkdhler num-
ber (D)) increased the dominance of the reaction, increasing species consumption and
decreasing concentration. An elevation in fractional derivative parameter (y) improved
the system memory effects, suppressed mass diffusion and reduced concentration magni-
tudes. Fractional calculus enables engineers to define the memory and non-local heredi-
tary effects of polymer chains. Higher Schmidt number (Sc) depleted species diffusion
and concentration boundary-layer thickness. Increasing Eckert number (Ec, viscous heat-
ing parameter) boosted temperature magnitudes whereas higher permeability parameter
reduced them. Higher values of Casson rheological parameter (o) decelerated the flow
and increased momentum boundary-layer thickness. An upsurge in magnetic parameter
(Ha, i.e., stronger magnetic field intensity and Lorentzian magnetohydrodynamic drag)
strongly dampened the flow. Temperature significantly increased with greater heat gener-
ation parameter (0). These findings may be beneficial to more sophisticated simulation of
industrial viscoplastic functional coating systems. Future work may explore extensions to
non-Fourier heat conduction, non-Darcy media, and consider periodic boundary conditions.
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Introduction

Non-Newtonian fluids exhibit nonlinear rela-
tionships between the shear strain rate and shear
stress and due to their complex behavior. This pro-
duces strong nonlinearity in mathematical models.
Simulation of non-Newtonian fluids is of great in-
terest in multiple technological sectors including
foams, emulsions, colloids, gels, pastes, and sus-
pensions, pharmaceutics, cosmetics, food process-
ing etc.! Among the many types of rheological flu-
ids, viscoplastic fluids are especially of interest in
coating flows®. Such fluids require a minimum
stress threshold (the yield stress) to start moving.
Common in dense suspensions, foams, and gels,
these complex fluids flow like liquids when stressed,
but behave as unyielded, solid-like “plugs” when
stresses fall below the yield limit. A variety of mod-
els are available for studying viscoplastic flows, in-
cluding the Bingham Plastic Model, which is the
most elementary and assumes the polymer acts as a
rigid solid until the yield stress is attained, after
which it flows with a constant, linear viscosity?’.
The Herschel-Bulkley Model is more advanced,
and it combines power-law behavior with yield
stress (Bingham plastic) effects. It accounts for
shear-thinning (or shear-thickening) behavior after
yielding occurs, and is dependent on a rheological
behavior index*. A more comprehensive model is
the Casson Model, which is very popular for the
food and biomedical coating sectors and simulates
polymeric materials with pronounced yield stress
and varying viscosity at higher shear rates®. In re-
cent years, this model has been deployed extensive-
ly for coating flows with heat and mass transfer. In
many such studies, which compliment laboratory
rheological testing, nonlinearity of the conservation
equations requires powerful numerical or analytical
techniques to yield robust solutions®. Kumar et al.’
used a finite difference computational method to
study Casson thermo-solutal convective transport
from a vertical porous boundary with radiative flux
and cross diffusion effects. They noted that increas-
ing Casson parameter strongly dampens velocity
and increases momentum boundary layer thickness,
while both velocity and concentration increase with
the Soret thermos-diffusion parameter. They also
reported that the momentum and thermal bound-
ary-layer thickness increase with increasing Dufour
number. Shahidi ez al.® employed an efficient Che-
byshev Spectral Newton Iterative Scheme (CSNIS),
implemented in MATLAB, to compute the laminar
viscoplastic boundary-layer flow and mixed-con-
vective heat transfer over a power-law nonlinear
stretching surface using the non-Fourier hyperbolic
Cattaneo-Christov heat flux model and Rosseland
radiative algebraic flux model. They noted that an

increment in Casson viscoplastic parameter reduces
both velocity and the Nusselt number but increases
temperature. They further observed that higher val-
ues of the non-Fourier Deborah number decrease
temperatures, whereas increasing the radiative flux
parameter increases temperature.

Magnetic fluid coatings are advanced function-
al materials that provide enhanced protection and
tunability for substrates (coated components), and
interact with external magnetic fields, enabling fric-
tion-reducing lubrication and smart response to
varying environmental conditions. They are suspen-
sions composed of magnetic particles, surfactants,
and non-magnetic carrier liquids. Magnetic fluids
are widely used in various fields, including surface
deposition and sealing, due to their excellent and
rapid magnetic response, flexible flow ability, tun-
able magneto-viscous effect, and reliable self-
repairing capability. They include ferrofluids, mag-
netic-receptive paints and electro-conductive poly-
mers. Magnetic viscoplastic coatings are a subset of
magnetic polymers that combine viscoplastic be-
haviour and magnetohydrodynamic (MHD) or fer-
romagnetic characteristics. As such, they are ad-
vanced, multi-responsive materials. When subjected
to an external magnetic field, they undergo con-
trolled, reversible transitions in physical properties,
including viscosity modification, stiffness, and flu-
idity (viscoplasticity) within milliseconds. These
functional polymers are increasingly being used for
coating systems in advanced actuation, soft robotics
and artificial muscles where controlled shape mor-
phing is required, and numerous other areas, includ-
ing structural dynamic (vibration) control and fuel
cell coatings®'®. A number of researchers have in-
vestigated viscoplastic MHD coating flows using
the robust Casson model. Kausar et al.'' used MAT-
LAB bvp4c algorithms to simulate Casson magne-
tized coating boundary-layer transport along a verti-
cally extending perforated surface (substrate)
embedded in a porous matrix incorporating nanopar-
ticle, bioconvective, thermal radiation, and heat
generation effects. They noted that stronger wall-
injection and buoyancy-force-ratio parameters ac-
celerate the flow, whereas the opposite effect was
observed with increasing permeability, Casson vis-
coplastic, magnetic, suction, and bioconvection
Rayleigh parameters. Sowmiya et al.'* employed a
Laplace transform technique (LTT) and MATLAB
software to analyze the magnetized free convective
thermo-solutal Casson viscoplastic transport from a
rotating vertical wall in a permeable medium with
ramped wall temperature. They observed that high-
er values of magnetic, Casson, and rotational pa-
rameters all suppress velocity, and that ramped wall
temperature increases momentum boundary layer
thickness relative to the isothermal wall case. Fur-
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ther studies include Vasu et al.'®* (who used a homo-
topy and generalized differential quadrature numer-
ical method to compute time-dependent nano-bio-
convection flow of a magnetic Casson coating along
a stretching sheet: HAM and GDQ computation),
Nasir et al.'* (on Ohmic dissipation, wall slip and
thermal/solutal stratification effects in hydromag-
netic Casson stretching flow adjacent to a porous
medium), and Sreenivasulu et al'® (on Casson
hybrid nanofluid polymeric coating flow of a cylin-
der with hydrodynamic and thermal slip and radia-
tive heat transfer). All these investigations con-
firmed the substantial modification in momentum,
thermal and/or species concentration characteristics
with Casson yield stress effects, and strong devia-
tion from classical Newtonian models.

Chemical reactions in polymer coating flows
involve complex interactions between fluid dynam-
ics and reactive chemistry. They drive crucial pro-
cesses wherein the polymer liquid resin mixtures
must spread evenly before reacting to form a solid,
durable film (coating)'®. As chemical reactions
progress, the molecular weight of the polymer in-
creases exponentially, leading to a drastic rise in
viscosity. This is especially important in emulsion
polymerization'’. Mathematical flow models require
detailed assessment of solutal (mass) diffusion with
chemical reactions to simulate these processes. In
addition, non-Newtonian effects can be present.
Fick’s law of mass (species) diffusion is usually ad-
opted when solutal relaxation effects are neglect-
ed's. Flow shear stresses can stretch polymer chains.
If mechanical forces overcome the local thermal
activation energy barrier, they may trigger targeted
bond scission and chemical changes within the
flowing material’®. The Arrhenius model is a popu-
lar model for studying activation energy effects on
reactive polymer dynamics. It quantifies how the
rate of a chemical reaction or molecular degradation
accelerates as temperature increases. It assumes that
reaction rate constantly increases exponentially
with the absolute temperature governed by a specif-
ic energy barrier called the activation energy. It
therefore mathematically defines how chemical re-
action rates scale exponentially with absolute tem-
perature, depending directly on the activation ener-
gy required for the molecules to react, and is very
popular in a range of polymer processing applica-
tions, including assessing corrosion rates under ac-
celerated heat conditions, magneto-chemical tech-
niques, etc. Several researchers have explored this
model in the context of Casson polymeric reactive
coating flows. Reddy et al*' computed the com-
bined effects of Dufour cross diffusion, slip, activa-
tion energy, and magnetic field on Casson polymer
flow along a stretching permeable wall with suc-
tion/injection. They demonstrated that Sherwood

number (mass transfer rate) is depleted with stron-
ger activation energy parameter, larger Dufour ef-
fect increases thermal gradients, whereas stronger
magnetic field and Casson parameter inhibit flow.
Aarathi et al.** computed the thermal solutal un-
steady reactive magnetized non-Newtonian microp-
olar nanofluid transport along an inclined stretched
surface with activation energy and entropy genera-
tion effects using a fourth-order Runge-Kutta
scheme combined with a shooting technique. They
noted that increasing activation energy strongly
boosts nanoparticle concentration, whereas an in-
crease in binary chemical reaction produces a re-
duction. They further noted that increasing the un-
steadiness parameter raises the skin-friction
coefficient by more than 50 %, while stronger vis-
cous dissipation and Casson viscoplastic effects in-
crease the rate of entropy generation. Further stud-
ies include Prabu et al* (on non-Fourier and
thermos-capillary effects in Casson flows), and
Zhang et al** (on spectral computation of magne-
tized nanofluid boundary-layer flow in porous me-
dia). Significant modifications in velocity, tempera-
ture, and species concentration characteristics with
increasing activation and chemical reaction rate ef-
fects have been confirmed in all these studies.

The models previously discussed employed
conventional integer-order calculus in formulations.
However, fractional calculus extends differentiation
and integration to non-integer or complex orders
and enables better experimental fitting with actual
nonlinear polymeric flows. The theory of fractional
calculus encompasses old calculus, extending the
ideas of derivatives and integrals to fractional cases.
Although ordinary derivatives include differentia-
tion with integer exponents, fractional derivatives
join fractional or real-order derivatives. These are
suitable for describing more complex methods that
depend on memory and cannot be exactly represent-
ed using only integer-order calculus. As such, frac-
tion calculus has emerged as a major subsection of
modern mathematics and has stimulated rich devel-
opment in multiple formulations for fractional de-
rivatives and integrals that provide a more realistic
analysis of real-world physics. Fractional deriva-
tives have been used to study a range of physical
models in a number of scientific fields. They make
it easier to create more accurate models in a variety
of fields, specifically in physical structures with
long-term memory or inherited characteristics. They
have attracted interest due to their capacity to depict
phenomena such as inconsistent diffusion, visco-
elasticity, viscoplasticity, and fractal dynamics. In
mathematics, fractional derivatives are notably used
to model irregular diffusion processes, where the
rate of variation is not constant but changes with
time. The Caputo time fractional derivative method
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is a foundational tool in fractional calculus, intro-
duced by Italian mathematician and geophysicist,
Michele Caputo, in 1967. It is primarily used to
model anomalous diffusion, viscoelasticity, and sys-
tems with “memory” because it directly incorpo-
rates conventional, physically meaningful initial
and boundary conditions. This approach has been
employed in a number of studies in Casson visco-
plastic fluid dynamics in recent years. Nadeem et
al® investigated the time-dependent thermal con-
vection flow of a magnetic non-Newtonian fraction-
al Casson fluid. They employed Caputo’s fractional
derivatives account for hereditary and relaxation
polymer properties and derived closed-form solu-
tions with Fourier and Fourier sine transforms. They
noted that elevation in fractional parameter acceler-
ates the flow, whereas larger Strouhal numbers re-
sult in sharper velocity peaks and more dominant
oscillatory effects on shorter spatial or temporal
scales. They also observed that with decreasing
Casson parameter, the velocity peaks are accentuat-
ed, indicating lower deformation resistance and
shear thinning behavior. Alwuthaynani et al.* in-
vestigated non-Fourier and non-Fickian fractional
Casson viscoplastic thermal solutal flow with Capu-
to time-fractional derivatives. They derived analyti-
cal solutions for velocity, temperature, and concen-
tration profiles using a combined Laplace—Fourier
sine transform technique and noted that fraction-
al-order modelling predicts higher heat transfer
rates but lower mass transfer efficiency compared
with the classical non-fractional case. The Caputo
fractional derivative has also been utilized in other
mass diffusion and non-Newtonian studies includ-
ing oxygen diffusion in rheological blood by Sri-
vastava et al*’, nanoparticle doped electrokinetic
viscoelastic stenotic arterial blood flow by Channa-
kote et al.?*, and peristaltic viscoelastic pumping in
inclined conduits with gravitational effects by Trip-
athi and Bég®. Recent developments in fractional
calculus modelling have introduced novel hybrid
fractional derivative operators (such as the non-sin-
gular exponential-kernel Yang-Abdel-Cattani (YAC)
or Constant Proportional Caputo operators) to de-
scribe fluid dynamics more accurately. Caputo-Fab-
rizio (CF) fractional derivatives are an additional
formulation of fractional calculus, which unlike
classical fractional definitions (like Riemann-Liou-
ville or standard Caputo), rely on singular power-
law kernels, the CF derivative utilizes a non-singu-
lar exponential kernel. Rehman e al.*° implemented
the constant proportional Caputo fractional deriva-
tive (CPCFD) operator with non-local and singular
kernels in Casson viscoplastic heat transfer along a
vertical plate. They derived exact solutions for di-
mensionless velocity, concentration and energy
equations are calculated in terms of Mittag-Leffler

functions by employing the Laplace transformation
method. They showed that increasing values of the
constant proportional Caputo fractional parameter
induce a deceleration in the flow and a strong cool-
ing effect. Further studies with modified fractional
derivatives include Ahmad et al®' (who employed
the constant proportional Caputo fractional deriva-
tive (CPCFD) operator for Maxwell viscoelastic
magnetic slip flow, heat and mass transfer), Ali et
al** (who considered the Atangana-Baleanu (ABC)
fractional derivative for micropolar thermo-solutal
bioconvection), Jamil et al3* (on Caputo-Fabrizio
fractional derivative modelling of Casson blood
flow in inclined vessels), Tabi et al** and Abbas
et al.®.

A review of the literature indicates that Casson
unsteady polymeric reactive thermo-solutal magnet-
ic flow in porous media with viscous heating and
Arrhenius chemical kinetics, has not yet been inves-
tigated in the technical literature. The present study
addresses this problem using a Darcy-type porous
drag force model***. Viscous heating is known to
be significant in non-Newtonian polymers flows*#,
The analysis further incorporates the effects of the
Damkohler number®. In the context of polymer
coatings, the Damkdhler number determines wheth-
er a coating process (or its final performance) is ki-
netically controlled or diffusion- limited***’. Heat
generation effects were also incorporated into the
mathematical model and are important in thermal
treatment of non-Newtonian polymers*~°. A gener-
alized formulation in fractional form of Casson
magnetic polymer flow using a new fractional oper-
ator, the constant-proportional Caputo fractional de-
rivative (CPCFD), with a non-local and singular
kernel was developed. Fractional forms of the mo-
mentum, energy, and reactive species (concentra-
tion) equations were derived subject to appropriate
boundary conditions. Therefore, this study general-
izes existing studies to explore, for the first time, a
broader multi-physical perspective by simultane-
ously addressing fraction Casson yield stress rheol-
ogy, viscous dissipation, heat generation, Darcian
permeable media impedance, Arrhenius kinetics,
polymer reactions and time-dependent behaviour.
The transformed dimensionless fractional govern-
ing equations for mass, momentum, energy and spe-
cies concentration were solved using the Laplace
integral transformation technique, subject to appro-
priate boundary conditions. MATHCAD software
was used to evaluate solutions for non-dimensional
velocity, U temperature, 7 and concentration, C,
with variation in transverse coordinate y and time z.
Nusselt number, Sherwood number, and skin fric-
tion solutions are also presented. The impact of key
emerging parameters on these variables was exam-
ined. Verification with previous studies neglecting
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porous media, magnetic field, heat generation, acti-
vation energy, and viscous heating effects were in-
cluded. Key objectives of the current study are sum-
marized below:

— To formulate a novel fractional viscoplastic Cas-
son transport model with the constant-proportion-
al Caputo fractional derivative (CPCFD) formu-
lation.

— To solve the emerging dimensionless system with
Laplace integral transformation technique and vi-
sualize results graphically with MATHCAD soft-
ware.

— To elucidate the sensitivity of transport character-
istics to CPCFD parameters relative to classical
Casson fluid behavior.

— To investigate the impact of non-integer parame-
ter and porous medium (Darcian) drag on heat,
mass and momentum characteristics.

— To evaluate the effect of viscous dissipation and
heat generation on transport variables.

— To compute and explain the influence of fraction-
al, Schmidt number, and activation energy pa-
rameters on mass diffusion.

— To examine the impact of magnetic field on wall
characteristics, e.g., Nusselt number.

— To compute the modification in skin friction,
Nusselt and Sherwood number with Casson vis-
coplastic parameter.

isotropic, homogenous, non-deformable porous me-
dium was investigated. Heat generation, viscous
dissipation, and chemical reaction with activation
energy, were all incorporated into the model. Hall
current and magnetic induction effects were ne-
glected, as were thermal dispersion and cross diffu-
sion (Soret/Dufour) effects. The physical model is
shown in Fig. 1. The following fundamental as-
sumptions were adopted:

— The flow is unidirectional.

— A magnetic field with strength B is applied trans-
verse to the plate (surface).

— Activation energy (Arrhenius kinetics) is incor-
porated into the concentration equation.

— Classical Fourier heat conduction and Fickian
mass diffusion are adopted in the present formu-
lation; consequently, non-Fourier thermal relax-
ation and finite-speed heat propagation are not
represented and are reserved for future exten-
sions.

— The energy equation incorporates the viscous dis-
sipation term and general heat generation.

— Low Reynolds number is prevalent, and the Dar-
cy model is used for porous medium drag.

A Cartesian coordinate (X,y) system is adopt-
ed. The Cauchy stress tensor for the Casson visco-
plastic polymer following Rehman et al.* takes the
form:

Mathematical model 2 5 )
u, + \/7 €, TJT>T,
27
The unsteady, incompressible flow, heat and T, = (1)
mass transfer in an electrically conducting Casson 2| u, + ) e, T<m
polymer along a horizontal surface adjacent to an 2. ) :
W U, 0) = 0, TW,0) =T, C(,0)=_Co >0
A UuUOL=UY,, TOt)=7 C0Ot)=0C, t>0
U, t) =0 TWt) =T CWt) = Cx Y- o
O ®
® @

B,

}

B,

Fig. 1 — Physical model for magnetic Casson polymer thermo-solutal flow
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where p, is the plastic dynamic viscosity, P, is the
polymer yield stress, x is the self-product of the de-
formation rate, e, is the components of the strain-
rate tensor (rate-of-deformation tensor), w=e e,
denotes the second invariant of the rate-of-deforma-
tion tensor, T is the critical strain-rate invariant e,
which depends upon the non-Newtonian model.
The Casson fluid and the solid plate are initially at
rest at ¢ = 0, with a temperature of 7 and a concen-
tration of C_. Subsequently, when time is ¢ = 0, the
concentration is C(0,¢)=C,,, and the wall tempera-
ture is 7 (0,¢)="T,. The velocity in the X-direction
is U. U, is characteristic velocity. Using the above
assumptions, the governing conservation equations
generalized by extending previous models® to in-
clude Arrhenius kinetics, Darcy, heat generation®,
viscous heating and magnetic body force effects
may be shown to take the form:

V-V=0 2)
U(y.t)  ov(y.r) _ 3
oxX oy
aU(w,t)=v(1+ 1) P Uly.r) @
ot s) oy’
oB,’
_%U(W’t)_ ° U(\V,f)
Pk, P
7T (y,t 0*T (.t
pC, ((n )=k 6\|(/2 )+ ®)
+(1+l)CD+QO(T—Tw)
s
ac(\Vat)z 32C(\|l,t)+ (6)
ot oy’

+k(C-C, )exp(—lf—T)

where @ is viscous dissipation,

(au NEARNEZES
—| =] [+|—*+—
X oy oy X

The following initial conditions and boundary
conditions are prescribed:

UW,00=0, T(y,00=T7, C(y,00=C, y>0
Uo,H0=U, 70,0=7, C0O,H=C, t>0 (7)
Uy, )= 0, T(y,)—>T, C(y,H)—>C_,as y > ©

O=u|2

The boundary conditions determine the interface
between the wall and the surrounding fluid. The
mechanical, thermal, and mass-transfer effects of the

surface are represented by the fluid’s compliance
with the prescribed wall velocity, wall temperature,
and wall concentration y = 0. Whereas, the velocity
approaches zero, and the concentration and tempe-
rature, 7 and C , respectively, approach their ambi-
ent values. As a result, it is assumed that the wall’s
effects disappear sufficiently far below the surface.

To facilitate analytical solutions, the following
non-dimensional variables are invoked:

Uzt Uyy U c-C
PR (LAY, B (k. Y L SR L =
v v v U, C,—C,
T -1, g B
o=t k=20 =Tl (g
7,-7, uy"ky Py
1 C ’
A=l+—, Pr=bt pe=_10 o= QO”Z,
By k C,AT pPCu,
k E 7T -7,
Sc=£, Dv=_;)’ E=—2, =M
D u, RT, 7,

The advantages of utilizing dimensionless pa-
rameters are threesome. Firstly, the model can be
rendered into a form in which special cases can be
benchmarked directly to the literature, since the ma-
jority of studies published also use this approach.
Secondly, the need for explicit material or geomet-
ric data is circumvented, since dimensionless num-
bers provide a methodology of simulating fluid dy-
namics problems via scaling numbers that embody
relative effects of different phenomena, e.g., Prandtl
number represents the ratio of momentum to ther-
mal diffusion and while it features specific heat ca-
pacity, dynamic viscosity and thermal conductivity,
these material properties do not need explicit speci-
fication to obtain meaningful solutions to the analy-
sis. This facilitates much faster simulations that re-
main physically viable. Thirdly, dimensionless
numbers decrease the number of independent vari-
ables needed to analyze a system, condensing many
parameters into fewer ratios. They therefore simpli-
fy complex physical systems by grouping multiple
dimensional variables into single, unitless ratios,
and this is a major reason why this approach has
remained popular for over a century in fluid dynam-
ics. They provide a clear physical meaning by
showing the relative magnitude of competing forces
or rates, e.g., the ratio of convective to conductive
heat transfer expressed in the Nusselt number or the
ratio of momentum diffusion rate to molecular
(mass) diffusion rate as expressed in the Schmidt
number. In Eqn. (8) ¢? is dimensionless time, 3
is dimensionless vertical (transverse coordinate),

5 _ C—0C, .
c’= , s
C,—C,
dimensionless concentration of reactive species,
T is dimensionless temperature, K is dimension-

is dimensionless velocity,
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less permeability parameter, Ha? is the square of the
modified Hartmann magnetic number, A is a func-
tion of the Casson viscoplastic parameter (g), Pr is
Prandtl number, Ec is Eckert (viscous heating)
number, 6 is heat generation (source) parameter, Sc
is Schmidt number, D is Damkdhler number,

E,
E= is Arrhenius activation energy para-
T (7,-7.)
meter, y=——— . By virtue of Eq. (6), the

conservation Eqs?o(l)—(S) reduce to the following
non-dimensional partial differential Eqs., where the
superscript § is dropped for convenience:

Uly.t) _, 5Uly.1)
ot oy’

0T (y.1) _ 1 9T (y.1)
gt  Pr vy’

2
oClv.r) 13 C(\lzj’t)+Dvexp(——E )c (1)
ot Sc  dy y+1

— (K +Ha*)U(y,t) (9)

+Eci

2
au(;;’t) +8T (10)

Furthermore, the emerging dimensionless ini-
tial and boundary conditions (6) become:

U(y,0)=0, 7 (y,0)=0, C(y,0)=0, y>0 (12)
UW,6)=1, T(y,0)=1, C(0,1)=1, t>0 (13)

U(y,t) >0, T(y,1)>0, C(y,t) >0, y > (14)

Fractional calculus aspects

Baleanu et al. developed a new type of frac-
tional-operator using a power law approach. This
was adopted in the present study and is known as
the constant-proportional Caputo (CPC) non-integer
derivative. It is composed of a linear combination
of a constant-proportional operator and a Caputo
type fractional technique. In contrast, the traditional
Caputo derivative uses a purely fractional integral
of the first-order derivative to represent memory ef-
fects®' "%, Therefore, while maintaining the fraction-
al memory effect, replacing the traditional temporal
derivative with CPCFD, modifies the time-depen-
dent governing equations by adding an extra pro-
portional component. This formulation allows for a
more flexible description of the memory-dependent
and inherited behavior of non-Newtonian fluids.
The definition of the constant-proportional Caputo
type derivative used by Kazim et al.** is

DT f h(r)+4’é (»)h(z)

r—t)

0<y<1

e it (y 1) = 4241

dr (15)

The Laplace transform formulation for the con-
stant proportional Caputo fractional derivative
(CPCFD) is given by: (16)

ﬁ{cpthy (r)} _ {/&157) +h, ()/)}SUI(S) — &, (y)sV_lh(O)

Here “D! (...) is the constant proportional
Caputo hybrid fractional operators, £ (y) and /£ (7),
which simulate fractional characteristics.

Laplace transform solutions

By applying the constant proportional Caputo
fractional derivative (CPCFD) operator described in
the previous section, the governing conservation
equations for momentum, energy and species con-
centration, Eqs. (8)—(10), are reformulated in frac-
tional form as follows:

u(“”) —(K +Ha®)U(y,) (17)

2/]- 2
CP"’DtyT(\V,t):Plr ’ a\l(j\f’t)+Ec,1 au(;t;,z)) +07(18)
e 1 9*Cly,t E
! Dtyc(\ll,l)=§%+%v exp(—q—H)C(w,t)(w)

We next apply the Laplace transformations to
each of these equations. The Laplace transform
methodology is restricted to the approximated mod-
el developed here. More complex nonlinear 3-D
flows would require numerical methods. However,
the analytical solutions obtained here provide phys-
ically meaningful results and a useful foundation
for future, more generalized simulations.

Concentration equation solution
and Sherwood number

Applying the Laplace transform technique to
Eq. (18), using the initial conditions in Eq. (11), fol-
lowing Yakubu et al.%, yields the following expres-
sion:

{Mk @)}svc‘w,s)—_

S
.
TWS) ol 4, ()5 e(wos  |@O
oy i
i _
+———C(y.S)

_ _ 1 —
C(y,0)=0,C (0,3)=§, C(y,S)=0,as y > (21)

The concentration solution, C (\V,S ), is thereby
derived using Egs. (19) and (20) as:
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(22)

The inverse Laplace transform can be obtained by rewriting Eq. (21) as follows:

SOZ((Dy = 2—; poont T(E+1)rG+1)
CS) = 24 B0 B By CP @ ) G+) ‘ 23)
i171q W0 (y)a—7 51+ —Yi—i+aq (1—J+§)'F(1—Q+7)
By virtue of inverse Laplace transforms, Eq. (22) becomes:
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Sherwood number (Sh), which represents the dimensionless mass transfer rate at the wall (i.e., ratio of
total convective mass transfer to the rate of purely diffusive mass transport), is defined as:

aC(wy,t¢
Sh= _(_‘V)| » (25)
oy
Using inverse Laplace transforms leads to:
J ._
Sh=— £ 1)} ey (26)
This leads to:
)
V) D et
Sc {‘ ) + Ay ( )}SV ¢
S
— 1
Sh=L S (27)

Velocity (momentum) equation solution and skin friction

Applying Laplace transform method to Eq. (16), yields the following eq. with associated initial condi-
tions (11):

- lH&I—(V) o (y)}syzf_’(\vaé‘)— #o ()8 Uy, 0) +H{K +H2}UU (v.5) | (28)

oy’ A S
_ _ 1 —
U(y,0)=0,U(0,8)=—, U(y,S)=>0,as y o0 (29)
The solution for the velocity field ¢/ (\y,S) by virtue of Egs. (27) and (28) is obtained as:
_ 1 —\y\]; {k‘;y)ﬂeo(y)}SV +K+Ha2)}
u(\v,S):Ee (30)
Using inverse Laplace transforms on Eqn. (29) yields: )
i
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Using inverse Laplace transforms renders Eqn. (30), as: _
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Skin friction, (Cf), i.e., dimensionless wall shear stress or viscous drag at the interface between the Cas-
son polymer and the wall (skin) is given by:

U (y,1)
Cf=_—8\|/ ly=o (33)
Using inverse Laplace transforms leads to:
0 .
of ==55 & 1v.S)} (34)

This gives the required result for skin friction:

\/;Hkﬁ) O(y)}SV+K+Ha2}

S

cf=L£""3 (35)

Temperature (heat) equation solution and Nusselt number
Finally, Eqn. (17) is converted using the Laplace transform method with initial conditions (11):
9T (v,S * - 5 AEcPr4
TTWS) _p, A0 14 0)L 8 T (0.8)= 80 () T (1,) — S T (36)
oy S S
7 (v,0)=0,7(0,8)=

where AZ%H@-F&O (V)}Sy +K+H32)} .

The solution for the temperature, 7~ (\V,S ), from Egs. (35) and (36) is extracted as:
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By applying the inverse Laplace transforms, Eqn. (37) becomes:
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Using inverse Laplace transforms in Eq. (38), leads to:
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In coating processes, heat transfer characteristics at the wall are critical. The Nusselt number can be used
to compute the rate of heat transfer at the boundary (and also quantifies the relative contribution of thermal

convection to thermal conduction). It is defined as:

0T (y,1)
Nu=-S B (1)
Using inverse Laplace transforms we obtain:
J _ —
Nu=--"L HT (v, 8)} (42)
The final result is:
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Results and discussions

Extensive computations have been executed in
MATHCAD software to evaluate the closed-form
solutions derived in Section Laplace transform solu-
tions, for variation in all key emerging dimension-
less multi-physical parameters in the model. The
results are given in Tables 1, 2, and 3 for Sherwood
number (Sh), Nusselt number (Nu), and skin fric-
tion (Cf). Graphical visualizations of the influence
of key parameters, such as dimensionless time (%),
dimensionless permeability parameter (K), modified
Hartmann magnetic number (Ha), Casson visco-
plastic parameter (g), Prandtl number (Pr), Eckert
(viscous heating) number (Ec), heat generation
(source) parameter (6), Schmidt number (Sc), Dam-
kohler number (D), activation energy parameter
(E,), and fractional parameters (¢, y), on velocity,
U(y,S) temperature, T (y,S) and species con-
centration C (y,S ) are addressed in Figs. 2-15.
The parameter ranges and relevant material or trans-
port properties were selected from values reported in

the cited literature, namely Sowmiya et al.'?, Zahid
et al’®, Crank and Park'®, Espuche’, Alwuthaynani
et al*, Rehman et al’’, Rehage and Kind* and
Malik et al.*?, while the profiles and transport quanti-
ties presented here were calculated from the present
mathematical model. The simulations are based on
parameter ranges adopted from the cited literature
and are intended to provide theoretical insight into
Casson viscoplastic transport under the specified
conditions. Some limited comparisons with previ-
ous studies neglecting porous media, magnetic field,
heat generation, activation energy and viscous heat-
ing effects, have also been included.

Tables 1, 2, and 3 illustrate the influence of
fractional parameter (y) and time (¢) on skin fric-
tion, Sherwood number, and Nusselt number, re-
spectively. Table 1 shows that the Sherwood num-
ber (Table 1) generally increases with time, indicating
an increase in the mass-transfer rate of the reactive
species at the wall. Nevertheless, with increasing
fractional parameter (y) there is a suppression in
Sherwood number at all times. The fractional
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Table 1 — Sherwood number against different values of o and t

o Sh Sh Sh
t=1 t=15 =2
0.1 1.534 1.619 1.699
0.2 1.502 1.567 1.629
0.3 1.471 1.519 1.565
0.4 1.44 1.473 1.506
0.5 1.409 1.431 1.453
0.6 1.379 1.391 1.404
0.7 1.349 1.353 1.36
0.8 1.32 1.318 1.321
0.9 1.29 1.286 1.285

Table 2 — Skin friction for different values of o and t

) cf cf cf

t=1 t=15 t=2
0.1 1.82 1.892 1.96
0.2 1.794 1.848 1.90
0.3 1.768 1.808 1.846
0.4 1.742 1.77 1.797
0.5 1.717 1.735 1.753
0.6 1.692 1.702 1.713
0.7 1.667 1.671 1.677
0.8 1.643 1.642 1.645
0.9 1.619 1.616 1.616

Table 3 — Nusselt number by varying values of a and t

o Nu Nu Nu

t=1 t=1.5 t=2
0.1 5.231 5.778 6.271
0.2 5.238 5.713 6.131
0.3 5.233 5.638 6.985
0.4 5.216 5.552 5.834
0.5 5.189 5.457 5.678
0.6 5.15 5.354 5518
0.7 5.099 5.243 5.355
0.8 5.038 5.125 5.191
0.9 4.964 5.00 5.026

parameter (y) describes memory effects and ano-
malous diffusion in heterogeneous environments.
It fundamentally alters transport rates and bound-
ary-layer behavior compared with classical models
for which y = 0. Increasing the fractional order

(moving away from zero) reduces memory and
non-local effects within the medium. This physical-
ly suppresses the rate of mass diffusion, leading to
a more gradual buildup of concentration over time
towards the boundary. Sherwood number is there-
fore decreased. Compared to the classical model, a
thinner species boundary-layer thickness is pro-
duced. Table 2 shows that skin friction is also gen-
erally enhanced with time from ¢ = 1, through 1.5 to
2, at value of fractional parameter up to 0.8. For
y = 0.8, 0.9, a fluctuating response was observed,
where Sherwood number initially decreased with
time elapse and then increased. Table 3 shows that
Nusselt number consistently increased with time (7)
at all values of fractional parameter. With an in-
crease in fractional parameter there was a sustained
reduction in Nusselt number magnitudes. Lowering
the fractional parameter (y) generally accelerated
the initial decline in temperature, as well as acceler-
ated the transition to a steady state, and suppressed
heat propagation compared with classical (inte-
ger-order) models. This led to a lower bulk tem-
perature and greater net flux of heat to the bound-
ary, i.e., higher Nusselt number. Fractional models
account for the history of the temperature gradient.
A lower fractional parameter means the system
“remembers” past states differently, altering how
current heat flux responds to previous temperatures.
At lower values of fractional parameter decreases,
the amplitude of thermal waves and temperature
drops faster. However, the opposite effect is induced
at higher values of fractional parameter where tem-
peratures in the bulk Casson polymer are boosted
and the net heat flux to the boundary is therefore
suppressed. This produces a steady decline in Nus-
selt numbers and a cooling effect at the boundary.

Figs. 2-5 visualize the impact of selected pa-
rameters on species concentration profiles. Fig. 2
shows that, as the values of the non-integer frac-
tional derivative parameter (y) increase, the concen-
tration magnitude is suppressed. Increasing the frac-
tional derivatives parameter improves the system’s
memory effects. These effects decrease mass diffu-
sion and slow species transport. The fractional pa-
rameter alters the shape and spread of the concen-
tration profiles by introducing non-local memory
effects and anomalous diffusion. In many models
(like those using Caputo or Riemann-Liouville de-
rivatives), lowering the fractional parameter reduc-
es the rate at which a species diffuses. This causes
the concentration of the diffusing substance to be
higher near the wall, while plummeting much faster
in the surrounding regions compared to standard in-
teger-order diffusion. Unlike standard Fickian diffu-
sion, fractional derivatives consider the past history.
A higher fractional parameter signifies a faster “he-
reditary effect,” allowing the concentration profile
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Fig. 2 — Concentration c profiles with fractional derivative
parameter, y = 0.1, 0.4, and 0.6
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Fig. 3 — Concentration C_proﬁles with Schmidt number,
Sc=1 2 and 3
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Fig. 4 — Concentration C profiles with activation energy pa-
rameter, E = 0.1, 0.9, and 2.5

to distribute or dissipate more rapidly over time and
space. Fig. 3 shows that the concentration magni-
tudes decrease as Schmidt number rises. A higher
Schmidt number corresponds to a decrement in
mass diffusivity. This inhibits molecular diffusion
and produces a decrease in concentration boundary
layer, resulting in a decrease in the concentration
profile. The implication in coating applications is
that lower molecular diffusivity species produce
weakened mass diffusion and this can affect the
constitution of final products including coating
quality. Asymptotically smooth convergence of pro-
files is achieved for high values of transverse coor-
dinate, y. Fig. 4 demonstrates the outcome of acti-
vation energy parameter (E) on concentration. It is
observed that chemical reaction slows down by in-
creasing the value of activation energy, which re-
duces the consumption. A low activation energy
means that a larger percentage of total collisions
will result in a reaction. A high activation energy
restricts reactions, making the increased collision
frequency from higher concentrations especially
critical to drive the process forward. This is crucial
in reactive polymer processing, and higher activa-
tion energy is beneficial for elevating concentration
magnitudes. Fig. 5 shows that concentration pro-
files are markedly modified by an increase in the
Damkdhler number. A higher Damkdhler number
increases the dominance of the reaction, increasing
species consumption and decreasing concentration.
It expresses the rate of a chemical reaction to the
rate of mass transport (such as diffusion or mixing).
It determines how a reaction’s speed affects the lo-
cal concentration of reactants and products in a sys-
tem. In the context of polymer coatings, the Dam-
kohler number determines whether a coating process
(or its final performance) is kinetically controlled or

| | T 1
— Dv=0.5
1 — Dv=1 |7
Dv=1.5
© sk .
0 | - 1
0 2 4 6 8 10

Fig. 5 — Concentration C profiles with Damkéhler number
D = 0.5, 1, and 1.5
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Fig. 6 — Temperature T profiles with fractional derivative
parameter y = 0.1, 0.5, and 0.9
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Fig. 7 — Temperature T profiles with magnetic parameter,
Ha = 1.5, 2, and 2.5
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Fig. 8 — Temperature T profiles with Prandtl number,
Pr=10, 15, and 20

mass-transfer (diffusion) limited. For D <<I, the
rate of mixing or diffusion is much faster than the
chemical reaction. Therefore, reactants are homoge-
neously dispersed throughout the system before
they can significantly react. The concentration of
reactants remains high and uniform, while the con-
centration of products remains very low. As D in-
creases to 0.5, which is a moderate value, the time
required for the reaction becomes comparable to the
time required for mixing or mass transport. This
produces substantial concentration gradients within
the system. When D = 1, the rate of a chemical
reaction becomes equal to the rate of mass transport
(convective diffusion or mixing) and there is a re-
duction in concentration magnitudes, as observed in
the graph. With further increment in D, the speed
of the chemical reaction is elevated, and concentra-
tion magnitudes are further suppressed. We do not
consider the extreme case, D, >> 1, for which
chemical reaction occurs incredibly fast compared
to how quickly reactants can mix or diffuse into the
system. In this case, the reaction consumes reac-
tants instantly upon contact. The concentration of
reactants drops effectively to zero at the reaction
zone, and product concentration reaches its maxi-
mum potential limit. This is not recommended in
polymer processing. Intermediate values of Dam-
kohler number are more amenable to efficient poly-
mer coating systems.

Figs. 6 — 10 display the evolution in tempera-
ture profiles with various parameters. Fig. 6 shows
how the temperature graph drops as the values of
the non-integer fractional order derivative parame-
ter rise. Stronger thermal memory effects cause the
temperature distribution to decrease and heat diffu-
sion to be suppressed as the value of the fractional
derivative parameter increases. Fig. 7 explains the
relationship between Hartmann magnetic number
and the temperature distribution, 7. As the Hart-
mann number rises, the Casson fluid temperature
declines. While this is not observed in conventional
Newtonian flows, it can arise in magnetic polymers.
The Lorentz force decelerates the polymer near the
boundary, suppressing natural convection. In the
present formulation, increasing the magnetic pa-
rameter modifies the velocity field through Lo-
rentz-force dampening and consequently alters con-
vective heat transport, producing the temperature
trend observed in the numerical solution. This pro-
duces a decrement in thermal boundary-layer thick-
ness.

Fig. 8 illustrates that the temperature drops as
the Prandtl number (Pr) increases. The Prandtl num-
ber is defined as the relation of momentum diffusiv-
ity to thermal diffusivity. When dynamic viscosity
and specific heat capacity are kept constant, (Pr) is
inversely proportional to thermal conductivity. A
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Fig. 9 — Temperature T profiles with Eckert number,
Ec=0.5, 1.5 and 2.5

higher Prandtl number is encountered in polymers,
and they possess lower thermal diffusivity, resulting
in a steeper temperature gradient. Thermal diffusion
is depleted and this decreases temperatures, with
this trend being sustained at all locations transverse
to the wall. Thermal boundary-layer thickness is
also reduced.

Fig. 9 shows the influence of Eckert number
(Ec) on the temperature distribution. As the Eckert
number increases, the temperature profile notice-
ably rises. Stronger frictional heating in the poly-
mer is produced with greater viscous dissipation,
which converts mechanical energy into thermal en-
ergy. The intermolecular collisions and frictional
heating (viscous dissipation) release energy, which
acts as an internal heat source, warming the fluid.
This energizes the polymer and elevates tempera-
tures. The inclusion of viscous heating in polymer
coating models is therefore recommended and pro-
duces more realistic estimates of temperature char-
acteristics.

Fig. 10 illustrates the effect of the permeability
parameter (K) on temperature. As permeability in-
creases, the percentage concentration of solid ma-
trix fibers in the porous medium is reduced. The
polymer can flow more easily through a higher per-
meability medium than a lower one as the Darcian
drag force is diminished. This accelerates the flow
but suppresses thermal conduction between solid
particles around the pores, manifesting in a reduc-
tion in temperature. Higher permeability therefore
produces a cooling effect whereas lower permeabil-
ity produces a heating effect, both of which may be
exploited in thermal management of polymer coat-
ing processes.

Fig. 11 illustrates the impact of heat generation
(6 < 0) / generation (6 > 0) on temperature. The
temperature field increases significantly when the

0.5 7

0 0.5 1 1.5

v

Fig. 10 — Temperature T profiles with permeability param-
eter, K= 0.1, 1, and 2

heat generation parameter rises. The fluid’s thermal
energy is increased and the local temperature is
raised by the thermal energy generated within the
system. The fluid receives more thermal energy at a
higher rate of heat generation, which enhances the
diffusion of heat from the wall into the surrounding
fluid and causes the thermal boundary layer to
thicken. This behavior is consistent with the current
energy equation’s positive heat-generation term.

Figs. 1215 illustrate the evolution in velocity
profiles ¢/ with various parameters. Fig. 12 shows
that, with an increase in fractional derivative pa-
rameter ¥, the velocity decreases. The polymer mo-
tion is delayed and there is an escalation in memory
effect. This decelerates the flow and increases mo-
mentum (hydrodynamic) boundary-layer thickness.
Fractional calculus enables engineers to define the
memory and non-local hereditary effects of polymer
chains. In viscoplastic polymers, the fractional pa-
rameter controls the material’s memory, relaxation

T
—_— =2
1 — 2.5 |1
3.5
& sk -
0 . ,
0 0.5 1 1.5

v

Fig. 11 — Temperature ’Z_'proﬁles with heat generation
(source) parameter, 6 = 2, 2.5, and 3.5
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Fig. 12 — Velocity u profiles with fractional derivative pa-
rameter y = 0.1, 0.5, and 0.9
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Fig. 13 — Velocity L_lproﬁles with permeability parameter,
K=1 2 and 3
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Fig. 14 — Velocity L_{proﬁles with magnetic parameter,
Ha =1 2 and 3

spectrum, and transition between solid-like elastic
and liquid-like viscous behaviors. Adjusting this pa-
rameter directly dictates how fast the polymer flows
and yields under stress. The inclusion of fractional
effects therefore provides the coating engineer with
a greater range of sensitivity with which to assess
viscoplastic behavior, in particular momentum dif-
fusion which influences velocity characteristics.
Compared with the classical Casson formulation,
the present fractional extension introduces an addi-
tional parameter for representing non-local tempo-
ral memory effects.

Fig. 13 shows that, with greater permeability,
K, the velocity is suppressed. Greater permeability
can reduce polymer velocities in porous media,
even though the Darcian impedance is also reduced
with higher permeability. This counter-intuitive be-
havior occurs when permeability increases, the fluid
is spread across a wider total volume and faces less
flow resistance, meaning the superficial (Darcy) ve-
locity drops relative to the injection rate in polymer
coating flows. While for Newtonian fluids, Darcy’s
law asserts that flow rate and velocity increase lin-
early with permeability, for viscoplastic polymer
solutions, the relationship is nonlinear due to their
complex rheology. As polymers squeeze through in-
terconnected porous matrices, they experience tran-
sient stretching in pore-throat constrictions. If the
pore geometry allows a higher flow rate, the poly-
mer chains may stretch drastically. The observed
permeability dependence should be attributed to the
terms explicitly retained in the present Casson—
Darcy formulation; polymer-chain stretching, ex-
tensional thickening and adsorption should not be
invoked unless they are incorporated into the con-
stitutive or porous-medium model. The extra flow

T T
1 _C_,:2 -
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Fig. 15 — Velocity L_{proﬁles with Casson viscoplastic
parameter ¢ = 1, 2, and 3
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resistance created by this elasticity counters the per-
meability increase, effectively capping or even re-
ducing the overall velocity. This effect has been re-
ported in other studies, e.g., Murad et al.>® Casson
polymers are viscoplastic fluids and require a mini-
mum pressure gradient (yield stress) to start flow-
ing. In very low permeability porous media, flow
can become stagnant. When permeability increases,
pressure drops may redistribute across the network,
reducing the driving force locally in certain paths
and slowing the fluid down. A more permeable me-
dium therefore does not always guarantee faster
flow since polymers naturally adhere to pore walls.
In higher permeability porous foams, as used in
some coating processes, larger pore spaces allow
more complex polymer conformations, promoting
greater polymer adsorption and mechanical reten-
tion (plugging), which dramatically restricts flow
velocity.

Fig. 14 shows the impact of Hartmann magnet-
ic number on velocity profiles. This parameter aris-
es in the Lorentz body force term, —(Ha®)U (\y,t)
in the reduced momentum Eq. (8). Increasing the
Hartmann number strengthens the Lorentz-force
contribution, which opposes the flow and conse-
quently reduces the velocity magnitude. This results
in a sustained depletion in velocity. External mag-
netic fields therefore offer a robust and non-intru-
sive mechanism for flow regulation in polymers.

Fig. 15 illustrates the response in velocity to
Casson viscoplastic parameter (g). This parameter

*U (¢
features in the term, /l#

oy
1
mented shear term, wherein A =1+—. The physical
$

which is an aug-

interpretation of increasing the Casson parameter
should be stated from its mathematical definition in
Eq. (8), including whether it represents an increase
or decrease in the relative importance of yield
stress. An upsurge in viscous resistance is therefore
produced, and this inhibits momentum diffusion
which leads to a suppression of the velocity field.
The polymer becomes “thicker” and moves slower.
Physically, a high Casson fluid value causes the flu-
id to approach less viscous and more solid-like,
which induces strong flow retardation. For the case,
¢ =1, Newtonian fluid behavior is retrieved.

Figs. 16—18 provide limiting-case comparisons
with the results of Sene’! after the corresponding
additional physical effects are removed; these com-
parisons support consistency with the earlier model
but do not by themselves validate the complete
fractional formulation. In Fig. 16, velocity ¢/ pro-
files are given with (K>0) and without porous me-
dia (K = 0) and with (Ha >0) and without magnetic
field (Ha = 0) effects; excellent agreement is ob-

T T T T
| With porous medium (K) and magnetic field (Ha>0)
| Without porous medium (K) and magnetic field (Ha =0) - Sene [51]
0.8
0.6 ]
S
0.4 ]
02 -
0 1 1 !
0 1 2 3 4 5

U

Fig. 16 — Velocity u profiles with and without porous me-
dia and magnetic field effects; comparison with

U

Fig. 17 — Temperature T profiles with and without viscous
dissipation and heat generation effects;, compari-
son with Sene’’

T T T T
——| With activation energy (Ea > 0)

| Without activation energy (Ea =0) -
1 Sene [51] H

05 1

U

Fig. 18 — Species concentration C profiles with and with-
out activation energy effects; comparison with
Sene’!
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tained at all values of the transverse coordinate, y.
Fig. 17 provides a comparison of temperature 7 pro-
files with (Ec > 0) and without viscous dissipation
(Ec = 0) and with heat generation (6 > 0) and with-
out heat generation (6 = 0) effects; again, very good
correlation is achieved with Sene®'. Finally, Fig. 18
depicts species concentration C profiles with (E, > 0)
and without activation energy (£, = 0) effects; close
agreement is attained with the previous studies of
Sene’!.

Conclusion

Motivated by the simulation of reactive poly-
mer-coating processes, a mathematical model has
been developed for fractional magnetohydrodynam-
ic (MHD) polymeric Casson flow, including heat
and mass transfer along a wall adjacent to a porous
medium, with viscous dissipation, heat generation
and activation-energy effects. Fractional derivatives
have been incorporated to extend the Casson visco-
plastic model, (which features shear-thinning and
yield stress effects), to represent complex non-New-
tonian responses and memory-dependent behavior.
The mathematical formulation has been developed
with the constant-proportional Caputo fractional de-
rivative (CPCFD). The transformed, dimensionless
fractional governing equations for mass, momen-
tum, energy and species concentration were solved
using the Laplace integral transform technique
(LITT), under physically realistic boundary condi-
tions. MATHCAD software was used to evaluate
solutions for non-dimensional velocity, I/, tem-
perature, 7 , and concentration, C, with variation in
transverse coordinate y and time z. Nusselt number,
Sherwood number, and skin friction solutions were
also tabulated for various emerging parameters.
Verification with previous studies neglecting porous
media, magnetic field, heat generation, activation
energy and viscous heating effects was conducted.
The present analytical study has shown that the fol-
lowing:

(i)  Skin friction, Nusselt number, and Sherwood
number are reduced with increasing fractional
parameter (y) but generally boosted with time
).

(ii) An increase in activation energy parameter
(E,), i.e., minimum energy threshold required
for a chemical reaction to occur, depletes the
magnitude of species concentration.

(iii) A higher Damkdohler number, (D), increases
the dominance of the reaction, increasing spe-
cies consumption and decreasing concentration.

(iv) An increase in fractional derivative parameter
() improves the system memory effects, sup-
presses species diffusion, and reduces concen-
tration magnitudes.

(v) A higher Schmidt number (Sc) depletes spe-
cies diffusion and concentration bound-
ary-layer thickness.

(vi) Increasing Eckert number (Ec, viscous heat-
ing parameter) enhances temperature magni-
tudes, whereas higher permeability parameter
reduces them.

(vii) Higher values of Casson rheological (visco-
elastic yield stress) parameter (g) decelerate
the flow and increase momentum bound-
ary-layer thickness.

(viii) An increase in magnetic parameter (Ha), i.e.,
stronger magnetic field intensity and Lorent-
zian magnetohydrodynamic drag strongly
dampens the flow.

(ix) Temperature is significantly increased with
higher heat generation parameter (9).

(x) With higher permeability parameter, K, the
velocity is suppressed.

The findings may be contribute to the develop-
ment of more sophisticated simulations of industrial
viscoplastic functional coating systems.

Limitation and future work

The present study employs a relatively simple
rheological model for polymers and assumes classi-
cal Fourier heat conduction. Future work could in-
vestigate Herschel-Bulkley non-Newtonian models
in addition to nanoparticle doping®” and non-Fourier
thermal relaxation effects®®. Additionally, non-Dar-
cy effects for polymer coatings® could also be ex-
plored. Despite its mathematical contributions, this
study has some limitations. It employs a simplified
albeit fractional viscoplastic model, invokes many
geometric approximations, represents chemical re-
actions in a simplified manner and considers a re-
duced dimensionality of the model. Furthermore,
the model has not been extensively validated against
experimental data. Future investigations could in-
corporate experimental data and artificial intelli-
gence techniques to support the optimization of in-
dustrial thermal polymer-processing applications,
although this would require computational fluid dy-
namics (CFD) solvers and machine-learning cou-

pling.
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Nomenclature

P — Density of Casson polymer, kg m™

¢ — Porous medium porosity, —

S — Casson fluid parameter, —

v — Kinematic viscosity of Casson polymer, m? s™!
g — Gravitational acceleration, m? s

k — Thermal conductivity, W m™' K

k, — Permeability of the porous medium, m?
y — Fractional derivative parameter, —

¢, - Specific heat constant, J kg™ K!

0O, — Heat generation, kg m's? K

1) — Dimensionless heat generation parameter, —
t — Dimensionless time, —

u — Dimensionless velocity, —

C — Dimensionless concentration, —

k, — First-order reaction rate constant, s

R — Universal gas constant, J mol™ K™!

o — Electrical conductivity, S m!

() — Viscous dissipation, W m

u — Dynamic viscosity, kg m™ s7!

B,  — Strength of magnetic field, T

Sc¢  — Schmidt number, —

Ha  — Hartmann (magnetic) number, —

Pr — Prandtl number, —

E_ — Activation energy, J mol

Ec - Eckert number, —

D~ — Damkdohler number, —

a — Fractional parameter, —

b4 — Dimensionless transverse coordinate, —
7  — Dimensionless temperature, —

ﬁ{ } — Laplace transform, —

E — Dimensionless activation energy parameter, —

Abbreviations

CPC — Constant-Proportional Caputo

CPCFC - Constant-Proportional Caputo Fractional
Derivative

LITT - Laplace Integral Transformation Technique

MHD - Magnetohydrodynamic
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